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Abstract
Automated Market Makers (AMMs) with a conservative function, such as Uniswap, Balancer, Curve and others, are an integral part of

decentralised finance. This article examines the effect of the exchange fees on the divergence losses of the automated market-making
systems in public blockchain networks. The study consists of several parts: theoretical background, detailed description of the exchange
mechanics, the derivation of explicit formulas, the results of modelling using the hyperparameters of pools from the Ethereum network and
the analysis of the proposed approach using historical data. For the first time, the obtained closed formulas (Uniswap, Balancer) and
modelling results (Uniswap, Balancer, Curve) indicate the presence of the iupermanent gain for liquidity providers in the case of non-zero fees
when the trading volume does not exceed a certain amount. The results indicate that the proposed methodology significantly affects the
definition of ‘impermanent loss of a liquidity provider’ widely used in the blockchain community since there can always be a profitable
range of values. As a practical part of the study, statistics on the share of trades with the effect of impermanent gain in Ethereum pools are
provided, and the approach for managing the fee rate is considered during this observation. Explicit relationships for mostly used AMMs
with non-zero trading fees are derived. The atticle may be useful for both practitioners and researchers in the field of decentralised finance

seeking a deeper understanding of the dynamics of automated market-making in an ever-changing DeFi environment.
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ordinary users looking to exchange their tokens. Unlike order
book trading systems [3], AMMs utilise liquidity pools and
algorithmic pricing mechanisms to enable users to trade assets
directly, avoiding a centralised order-matching process.
Moreover, AMM systems have no spread for buying and
selling. However, each unit of exchange volume always leads
to a slight price slippage. In DeFi, trading systems based on
AMM frequently concentrate way more liquidity than classic
systems based on order books.

1. Introduction

The development of blockchain technologies started in 2008
with the famous Satoshi Nakomoto’s paper [1]. The idea
behind it was to develop a decentralised and transparent
ledger capable of recording transactions, which is why this
technology initially found its primary application in digital
currency. In the following years, blockchain technologies
attracted significant attention from the community and
developers, expanding beyond just digital currencies. The
evolution of blockchain with the groundbreaking technology
of smart contracts in FEthereum [2] enabled the
implementation of complex business logic and applications
within decentralised networks. One example of such
innovation is Automated Market Makers (AMMs), which
utilise mathematical formulas to model markets and provide
liquidity for various financial assets [3].

Opver the past few years, research and development in AMMs
have advanced rapidly, paving the way for numerous areas of
exploration: optimising swap invariant functions [4], analysing
impermanent loss and risk management [5, 6], researching
user strategies [7] and much more.

This article proposes to examine the mathematical aspects of
the AMM microeconomics theory of impermanent losses
incurred by liquidity providers with the influence of exchange
fees. The analysis of impermanent loss is a critical task. In
Loesch et al. [8], researchers present a statistical quantitative

In modern decentralised finance (DeFi), AMMs are crucial,
serving as intermediaries between liquidity providers and
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result that 49.5% of liquidity providers in Uniswap v3 have
negative returns, indicating a vast field for optimisation of
AMM operations regardless of the specific invariant.

In most practical implementations of AMM, the constancy of
liquidity invariant after a trade is not observed due to
transaction fees. Studying this phenomenon is an interesting
challenge. However, it has limited coverage in the existing
literature. In Xue et al. and Aigner and Dhaliwal [3, 9], the
impact of varying invariants is ignored, leading to inaccurate
formulations for calculating impermanent losses. In Angetis et
al. [10], the case of an increasing invariant is considered;
however, explicit relationships were not derived, only the
estimation that is consistent with this study’s findings.

It is worth noting that among modern types of AMM systems,
there is an option of the conservative function Uniswap
v3 with concentrated liquidity [7], where the collected fees do
not contribute to pool liquidity. Therefore, the formula for
impermanent losses from Xu et al. [3] is correct. However, in
this article, we will skip over this scenario and focus on the
traditional versions of Uniswap [11], Balancer [3] and Curve
[12], which we will describe in more detail later. The analysis
of fee structure for invariants with concentrated liquidity is
also a challenging task subject to future research.

The relevance of this study is to expand our fundamental
understanding of how automated market-making systems with
conservative functions really work. The presented findings
could be used to optimise the actions of liquidity providers or
fee adjustments based on market conditions. As the Central
Bank Digital Currencies (CBDCs) and stablecoins are
evolving, a detailed analysis of the microeconomic features of
AMMs, such as the effect of impermanent loss described in
this article, is highly demanded.

This work is divided into six parts. The current part provides a
brief introduction and review of the related work. Section 2
outlines the primary mathematical concepts of automatic
market makers. Section 3 presents the theoretical analysis of
impermanent losses, considering the influence of the trading
fee parameters and visualisations of results. This part
mentions exceptional cases of Uniswap, Balancer and Curve
invariants, and the simplest asymptotic estimation for the
impermanent gain range is derived. Sections 4 and 5 discuss
the practical recommendations and constraints of the
proposed analytical methodology. Lastly, the conclusions of
the current research are discussed.

2. Theoretical Background

In analysing the impermanent losses of liquidity providers
associated with AMMs, it is crucial to take into account
dependence on several factors such as liquidity, trading
volumes and the particular implementation of the exchange

2.1. Automated Market Makers

An automated market-making system is a model that utilises a
fixed mathematical relationship between assets, enabling
stability and predictability in pricing. Numerous articles [13,
14] were published to explore the mathematical implications
of the axiomatic properties of automated market-making
systems. For the purpose of the current article, we introduce
the following simplified formalisation.

Without loss of generality, we assume that the automated
market-making system operates with two assets, whose
volumes are denoted by x > 0 and y > 0. The conservative
function [3] (otherwise the invariant [10] or trading
function [15]) is concave, increasing in each argument and
piecewise differentiable function I: R,* = R,. In practical
implementation, it is additionally assumed that [ is a
homogeneous function. For further unification, it is more
convenient to move on to considering an implicitly defined
relationship that describes the dependence of the system
behaviour,

F(x,y,1(x,y)) = F(x,y,K) = 0, (1)

where the liquidity factor K is introduced, so that
homogeneity of the degree q of the conservative function is
observed:

F(sx,sy,sK) = s7F (x,y,K). (2

Well-known examples of automated market-making systems
are Uniswap [11], Balancer [3] and Curve [12]. Comparative
visualisations of exchange invariants are presented in Figure 1.
Such conservative functions for mentioned AMMs are
respectively expressed as

Fu(xry'K)=xy_K21 (3)

Fy(x,y,K) = x"xy™y — K", 4)

K3
F.(x,y,K) =4A(x +y) — (4A — DK — m (5)

Uniswap (3) is a conservative constant product market
maker, a generalisation of which is the Balancer’s (4)
geometric mean matrket maker [16]. Curve invariant is
structurally constructed as a hybrid of a constant sum and
product function. It is cumbersome to express the function
Leyrve (X, ) explicitly (it requires solving a cubic polynomial
equation); however, the relation for two traded assets in a
liquidity pool is expressed implicitly in (5), where the
parameter A has the meaning of amplification (or weight)
coefficient between the constant sum and constant product

protocol. This chapter is devoted to the theoretical —invariants. The introduced functions FE,, F, and F. are
foundations of automated conservative market-making homogeneous of degrees 2, Wy + Wy, and 1, respectively.
systems.
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Figure 1. Comparison of the considered Automated Market
Maker’s invariants.

The considered invariants, due to the uniqueness of x and y
for a fixed K, allow to proceed with convex functions y =
y(x,K) and x = x(y, K), expressing the volume of one asset
through another. For example, for Uniswap and Balancer,
such functions are expressed as

2
Yu(, K) = K; (6)

w.
—Xi1
Wy

Vo (%, K) = —5— (7)

xWy

The first derivative of y = y(x,K).For a fixed liquidity
parameter, K can be written as

4 0F

__ W _ _ox

p(xvK) - dx - a_Fl (8)
dy

which, in the literature [3], is called marginal price, because it
defines the instantaneous price of asset X in units of y in the
automated market-making system. At any AMM, a marginal
price changes with every trade, which is called [3, 17] price

slippage.

The function I(x,y) (or F(x,y,K)) is meant to be
conservative, and the traded volume is calculated based on the
property of its conservation during the trading process. For
example, the sent volume Ax and received volume Ay satisfy
the equation

Ay
F(x0,y0,Ko) = F (xo +y14x,y0 — y_:Ko>; €C))
2

whete y; =1 —¢; and ¢, ¢, are fee rates for sent and
received assets, respectively.

For example, in the generally accepted open-source
implementations of the Uniswap and Balancer invariants,
¢1 >0, ¢, =0 are used. However, at Curve the fees are
different (¢, = 0 and ¢, > 0). The introduction of two types
of rates allows for reducting the theoretical analysis to a
general form, but at the time of publication, the authors are
not aware of variations of existing automated market makers
that introduce both ¢; # 0 and ¢, # 0.

Visualisation of the mechanics of trading an asset Ax for Ay
with two-sided constant fee rates is shown in Figure 2. The
trade occurs from the initial state O = (X, ¥,) to the final
state E = (xo + Ax, yo — Ay).

dy
72

Figure 2. AMM exchange mechanics.

In general, a trade can be divided into two consecutive stages.
The first one is the movement from point O to point S
preserving the conservative function (8). Since the liquidity
parameter Ky does not change during this stage, then the
volume of Ay can be written in integral form using the
differential definition of marginal price (7) as

Xo+y14%
Ly =71, f p(x, Ko)dx. (10)

Xo

In the next stage, the earned commissions add up as additional
asset reserves, which lead to a subsequent increase in liquidity
from Ky to K;. The two described stages occur atomically
within a single trading transaction [2].

In the particular case when y; # 1 and y, = 1, the final state
of the trading process is at point L. Based on the homogeneity
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condition (2), we can easily conclude that for the marginal
ptice obsetved p; > ps. In the other case (Y1 = 1 and y, #
1) pr < ps. The most general case (y; # 1 and y, # 1) is
shown in Figure 2 as point E, for which the ratio of marginal
prices Py and pg cannot be unambiguously determined.

2.2. Impermanent Loss

In the previous subsection, it was shown how price slippage
occurs due to the convex properties of the function y(x, K).
Based on this, the concept of impermanent loss (divergence
loss) [3, 7, 10] was introduced, which describes the losses of
liquidity providers while external users are trading assets at
AMMs. As previously noted, many contemporary articles
overlook the fact that while trading at AMMs with a
homogeneous  conservative  function (e.g.,, Uniswap,
Balancer, Curve), the liquidity factor K increases, which, as
we will see later, will greatly affect the result. Without taking
these changes into account, impermanent losses will always be
positive, which means that for any sent volume Ax > 0,
there will be losses in the liquidity pool [3].

To illustrate impermanent losses, two liquidity provider
behaviour strategies are examined. The first strategy involves
depositing assets following the previously outlined trading
process. The second strategy entails passively holding the
initial volumes (x,y) outside the AMM system, assuming the
final price resulting from the deposit strategy is observed on
the market. Thus, the comparison highlights the impact of
actively investing funds in an AMM versus taking a passive
approach. For a single trade Ax — Ay with respective change
in the liquidity Ky = K; the expressions of the strategies’
values Vi1 and Vgeposic are represented as

Vdeposit =p(xo + Ax, K;) - (%o + Ax) + (yo — Ay)

Vhota = p(xo + Ax, K1) - X9 — Yo

Next, the absolute and relative impermanent losses are
expressed, respectively,

1L, = Vdeposit — Viota = (%o + Ax, K;) - Ax — Ay, (11)

IL. = Vdeposit 1= p(xo + Ax, Kl) - Ax — Ay
" p(xo +Ax, K1) - xg + Yo

(12)

Vhold

Negative values for (11) and (12) are interpreted as
impermanent losses, while positive ones represent
impermanent gains. These changes are called ‘impermanent’
because if the marginal price p(x, k) returns to its initial value
followed by a sequence of trades within the AMM, the

3. Impact of Exchange Fee on Impermanent Losses

Suppose the first asset of volume Ax is traded through studied
AMM. When fees are involved, the invariant changes its value
from Ky — K; after the trade (see Figure 2). Then, the
absolute impermanent loss (11) can be expressed using (10) as

Xo+Y1Ax

IL, = p(xg + Ax, K;)Ax — yzf p(x, Ky)dx. (13)

Xo

We utilise the property of the monotonical decreasity of the
function p(x, K) (8) with respect to the argument X, which
follows from the convexity and decreasity of y(x,K), and
estimate the value of losses:

ILy < p(xo + Ax, K;)Ax — y1Y,p (X0 + V1A%, Kj)Ax,
ILg < (1 —v1Y2)p(xo + Y14, Ky)Ax,

from which we get that in the absence of fees (Y1Y, = 1) the
right-hand side is equal to 0, therefore, for any trade of
volume Ax, there will always be positive impermanent losses
for liquidity providers.

Next, we find explicit formulas for IL, and IL, in special
cases and provide numerical simulations for considered swap
invariants.

3.1. Uniswap

Let us substitute the explicit formulas (3) and (6) for Uniswap
invariant into the expression of the absolute impermanent
losses L, (13), we obtain

1 K? A K§ K§
=—— —Ax— I E—
¢ (xo + Ax)2 Yz Xo Xo +Vi1lAx

Considering that the final amount of asset ¥ in pool after the

single trade is Y1 =Yg — Y2 (yo — YoYo

the previous
X +y1Ax)’ P
equation can be simplified as

1 = _ ( ___*0Yo ) Ax
a =\ Yo V2o T T yiax) | (o + Ax)
—_ ( _ ﬂ)
Y2 Yo Xo + V1Ax/)
Introducing the parameter of the relative volume of exchange

Ax . .
o = —, impermanent changes (losses and gains) are expressed
0

changes vanish. Nevertheless, the market does not always  as
return to its starting price level; therefore, in many market
Eceriangs, it is important to be able to evaluate immediate e =y 1-v)A 47,0 +y, « . Y1Y2 &
uctuations. = -
a0 1+ vy« 1+a %14y
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or

a 1—vy;y; +v:1(1—2y)a

14
+a 1+v«a 14

ILg =y, 1
Similarly, considering the relative losses (12), we obtain

Vdeposit 1 0((1 —YiY2 + Y1(1 - ZYZ)O‘)

I = - .
Y2+ (1 +y,0@2 —y, + @)

(15)
Vhold

The visualisation of /L% depending on the trading fees ¢; and
¢, is presented in Figure 3. Empirically, it is observed that
whenever fees are non-zero (¢ + ¢, # 0), there exists a
region of impermanent gain, which expands along the a-axis
as the total sum of fees increases. This effect is further
illustrated in Figure 4.

0.010 A

0.005 A

0.000

—0.005 A

Without fees
$1=1.0%, ¢, =0%
¢1=3.0%,92=0%
$1=0%, $2=1.0%
$1=1.0%, ¢;=1.0%
$1=0.3%, ¢2=0%

—0.010 A

—0.015 A

—0.020 A

Relative Impermanent Loss IL;, %

—-0.025

0.0 0:5 1.‘0 125 2.‘0 2.‘5 3.0
Relative trading volume a, %

Figure 3. Relative impermanent losses depending on varying
trading fees for Uniswap.
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0.00 T
0.00 0.05 0.10 0.15 0.20

Relative trading volume a

[

0.0 -0.2 -0.4 -0.6 -0.8 -1.0 -1.2 -1.4 -1.6
Relative Impermanent Loss IL,

Figure 4. Dependence of ILY on the trading fee parameter ¢;
and relative trading volume a for Uniswap. The fee rate for
the received asset is set to zero (¢, = 0%).

Next, we express the roots of the equation IL} = 0 (14) to
analytically determine the range 0 < o < dpqy, of
impermanent gain for Uniswap:

a _ 1-y1v2
max 112y, — 1)

In the limit of small fees ¢; < 1, the scale of a4, can be
estimated using the Taylor expansion:

Axmax

amax -

(¢1 + ¢y +o(dpy + ¢z)) = P+ Py,

pe =

which is illustrated in Figure 3 or Figure 4 where the boundary
of the impermanent gain range reveals an almost linear
dependency on the sum of fee rates for Uniswap.

3.2. Balancer

Let us use the explicit relations (4) and (7) for the Balancer,
similar to the previous case of Uniswap. The impermanent
losses are expressed as

Wy Wy Wy
2x1q ZX4q ZXiq
e =2 K Ax — o __ K
a= - Wy, OX T V2| Ty wy |
y w. w w.
(xo + Ax)"Y X, Y (xo + v, 4x)"Y

By substituting the final volume of an asset y, =y,-—

¥, (yo—%> into the exptession for liquidity K;, we

(xo+y180)"Y
obtain
Wy
w.
15 =2 yo =y, | y %o Yo o
=—|Yo—Yz2| Yo — =
T w, 2x | xo + Ax
(xo +y18x)"Y
Wx
Y
—Y2Yo| 1— —

Wx
(% + y14x)">

Using the parameter &, one rewrites it as

Wx
Wy 1-y2)A+v0" +y, «

1L = o W 1+«
Y (1 +y)™
1
Y [ p——— (16)
1+ y,)™

From relation (16), the derived implicit formula for impermanent
losses of Balancer conservative function during a single trade is:

Wx Wy
%((1 7)1 +y,0" + v2> a—y(1+0 ((1 + Y100y — 1)
L% =y,

A +y;, 0"+ )

The JBBA | Volume 8 | Issue2 | 2025

Published Open Access under the CC-BY 4.0 Licence 5

(e



"t) BIBIA

Substituting the special case W—x =1, where Balancer
y

becomes Uniswap, we get (14). For relative impermanent
losses, one can derive the following dependence on a:

Ik =

%((1 ~YDA i)™ +y2)a AR ((1 ™ - 1)

= — . (17)

Wy Wx
%((1 —y2) (1 +y;0)"Y + YZ) + @A+ ) +y )"

It is notable that for Uniswap and Balancer, in accordance
with the derived explicit relationships (15) and (17), the

. .

impermanent Change does not depend on the ratio x—o when X is
0

fixed.

The visualisation of 1L} depending on the trading fees ¢, and ¢,

is shown in Figure 5. The results with a fixed parameter W—x are
y
similar to the ones in Figure 3. The dependence on varying asset

weights is presented in Figure 6, showing that the range of

impermanent gains shrinks as the ratio W—x increases. This
y

monotonic behaviour is also demonstrated in the colour plot in

Figure 7.

—— Without fees

0.004 - —— $1=0.3%, $2=0%
— $1=1.0%,¢,=0%
0.003 — $1=0%,$2=1.0%
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Figure 5. Relative impermanent losses depending on different

trading fees for Balancer with % = 2.
y
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Figure 6. Dependence of Balancer’s I1L2 on parameters of
relative asset weights % with fees ¢p; = ¢, = 1%.
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Figure 7. Colour plot of Balancer’s relative impermanent
losses (17) dependent on trading volume a and reserve ratio

%. Fixed trading fees ¢p; = 3% and ¢p, = 0% are implied.
y

3.3. Curve

Due to the complexity of the Cutve conservative function (5),
it is either cumbersome or even not possible to get explicit
formulas similar to Uniswap (15) or Balancer (17). Hence,
numerical simulations were conducted for this case. Figure 8
illustrates how the amplification parameter A influences the
magnitude of relative impermanent loss (or gain).

A= 0 (Uniswap)
A=0.1
A=0.5
A=1
A=5
A=10
A=20
A=50

00 \
ANV

0

[=]
w
L

Relative Impermanent Loss IL;, %
o

Relative trading volume a, %

Figure 8. Cutve IL, (%) as a function of the relative trade

volume a (%) for various amplification parameters A, ¢; =
1%, d)z = 1% and Xg = 1, Yo = 1.

Contrary to Uniswap (14) and Balancer (16), impermanent
loss for Curve conservative function (5) depends on the initial

(before the trade) asset ratio % The dependence of the
0

numeric simulation of impermanent losses and gains on the
... .Y . . Ax
initial reserve ratio x—o and the relative trading volume a0 = —=

) 0
as depicted in Figure 9, represents a more complex structure
for regions of impermanent gain than the corresponding
dependencies for Uniswap and Balancer. The interpretation

of this effect is that for Curve there is observed relatively

>
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slight price slippage [12] for small trades, therefore, trades do
not significantly impact the liquidity provider’s values (in the
assumption of a small price change), unlike the Uniswap and
Balancer invariants, in which the slippage effect is more
extreme. In the case of large trades, the trend is different —
there is a large price slippage resulting in large losses.

2.0

|

181

Yo
X0

1.6

144

124

1.0 4

Initial reserve ratio

0.8 1

0.6

0.0 0.1 02 03 0.4 05
Relative trading volume a

T

0.6 0.0 -0.6 -1.2 -1.8 2.4 -3.0 -3.6 —4.2
Relative Impermanent Loss IL,

Figure 9. Numeric simulation of IL, (%) for Curve swap
R .Y
invariant as a dependence on the reserve ratio x—o and a for

0
A=5,¢1=0%,¢)2=1%andx0=1.

3.4. Approximate Estimation for an

Conservative Function

Arbitrary

Let’s consider the expression for impermanent losses (11)
using the Taylor series to the second order:

dp ap
ILg = | p(xo,Ko) + (xo'}’o)Ax +5= 3K (%0, Y0)AK

+ 0(Ax) + 0(AK) | Ax

- v1v2p(3co, Ko)Ax
p
- EY%YZ I (x0, Y0)AX? + 0(Ax?).
From previous calculations, neglecting higher-order’s terms
and using the results from Appendix A, one can obtain the

root of the quadratic equation describing the region of
impermanent gain:

(1 = y1v2)p(x0, Ko)

p(x0, Ko)

Ip(xo, Ko) |’
ox

Axpax = 2(d1 + &) (18)

So, to ensure positive impermanent gain, the estimate of the
|l7p(x0 K0)|Ax

relative price change in the trade should be
p(x0, Ko)

approximately no greater than twice the sum of the fee rates
of AMM. Ultimately, within small trading volumes, the
expression (18) allows for quick calculation of the scales of
single trade which won’t lead to impermanent losses for
liquidity providers.

3.5. Invariant Comparison

A comparison of the dependencies of impermanent losses
for Uniswap, Balancer and Curve invariants is shown in
Figure 10. The values from Appendix B were chosen as the
parameters for the simulation. It is important that for all
considered invariants with proposed parameters, there is a
region of impermanent gain for values of relative trade
volumes @ < 0.2%. The largest region of impermanent gain

is achieved for the hybrid invariant Curve with % = 1, for

Xo
which the fee rate takes minimum relative values (0.01% and
0.02%, respectively). In this case, the amplification
coefficient A =10 or A =15, so the behaviour is very
different from Uniswap, similar to the dependence shown
in Figure 8.

Another way to get similar conclusions is to use the
approximation in Eq. (18). It was found that the size of the
gain region is inversely proportional to the initial derivative of
price during the exchange, which for Curve invariant (Figure
1) with 22 =
Xo
Balancer.

1 has a smaller value than for Uniswap and

0.0003

0.0002

0.0001

0.0000

—0.0001 +
= Uniswap(¢, = 0.3%)

Balancer (g =1, ¢, = 0.25%)

Relative IL;, %

—0.0002 4 .
—— Balancer(z-=4,¢,=0.5%)

—— Balancer(g==0.25, ¢, = 0.5%)
—— Curve(A =10, ¢> =0.02%)
—— Curve(A =15, ¢, =0.01%)

—0.0003 A

Axo 0% %a s o8 10 12 s
max OF’ Relative trading volume a, %
1.2 \9p 9p 9x
(1 2Y1Y2)a_ —(1=viv2)- 9K OF
9K Figure 10. Compatison of relative impermanent changes IL,
for different swap invariants with parameters from Appendix
. . .. Y,
Recall that y; = 1 — ¢; and in practice ¢; K 1, then B. For Curve, we additionally suppose that x—° = 1

0
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4. Practical Analysis on Real-World Data

In this section, a naive method of adjusting AMM fees will be
proposed based on the requirement to optimise the area of
impermanent gain during a single trade for liquidity providers.
The invariants listed in Appendix B will be selected as real
data sources for collecting statistics from January 2024 to
December 2024.

4.1. Data Analysis

The statistical analysis of the obtained data is shown in Table

1. For the Balancer pool wstETH/AAVE, the weight ratio

parameter % depends on the direction of the swap, therefore
y

two different values are chosen for this case.

AMM pool dif::f”m Unoan % | Cmedian % | Agg, %
WE‘_}TISX?SD c Both 0.007 0.001 0.094
WE‘;‘;;S/VE%’DT Both 0.005 0.001 0.073
WETH /WHTC Poth 00 oo >
weTHjUSDC | Potr | 003 | ows | o2
WES’I;SHhi/S\‘;VVa]‘SPTC Poth 001 no e
WE];%afgféTc Both 0124 0088 po%e

Balancer > 0.094 0.075 0427
wstETH/AAVE 0.022 0.018 0.083
FRA(;(“;IVJ esnc Both 1.032 0.1852 10.188
ferT(I:—?;V\;/ETH Both 0313 00328 s

Table 1. Statistical analysis of the relative trade volume a of
selected AMM pools. The mean Opeqn, median ®peqian and
99th percentile 0lgg were chosen as the main values described
in the distribution.

Balancer : WETH/WBTC
Balancer: wstETH/AAVE
Curve: FRAX/USDC
Curve: frxETH/WETH
Uniswap: WETH/WBTC
Uniswap: WETH/USDT
Uniswap: WETH/USDC
Sushiswap: WETH/WBTC
Sushiswap: WETH/DAI
Sushiswap: WETH/USDC

Distribution Density

0.0 0.2 0.4 0.6 0.8 1.0 12 14
Relative trading volume a, %

Figure 11. Comparison of the distributions of relative trade
volume « for different AMM pools from Appendix B.

The histogram distributions of the trade volume a are shown
in Figure 11. It can be concluded that for Uniswap,
Sushiswap (fork of Uniswap) and Balancer pools the most
concentrated sizes of swap are within o < 0.3%.

Analysis of the share of total trade number exhibits the
impermanent gain effect described in the theoretical section.
Table 2 shows that for most of the pools of Uniswap,
Sushiswap and Balancer, this value is greater than 95%.
However, this is not true for Curve, since the distribution in
Figure 11 is dominated by large volumes o. The proposed
values of 44.64% and 52.89% do not contradict with the

results in Figure 11, since the calculation in Table 2 did not

Yy .
assume that =2 =1, and the instantaneous real values of

Xo
reserves were taken from the pools.

AMM pool dif::t‘g)n impz/ron(::rslzvr?tp ;;V:foect
WEI;‘I;—iIS/“S‘gDC Both 99.88
WE[”JI?ISX?EDT Both 99.93
WE[’;I;;S/V;;ETC Both 98.86
W;;s;%ggc Both 99.43

w?]lEJSThIiIS;VSKI Both 97.51
WES;S;/S%,TC Both 99.39
WE]’SF?;/KI\?];TC Both 93.20

Balancer > 95.13
wstETH/AAVE B -

FRA():(u/erJeSDc Both 52.89
ferT%l;Vv?,ETH Both 44.64

Table 2. The share of trades that lead to the effect of
impermanent gain for liquidity providers.

4.2. Trade Fee Rate Adjustment

As a practical recommendation, we assume the simplest way
to manage the level of fee rate based on historical trading
statistics. For this, we use a naive approach, according to
which the rate on day T will be selected from the condition
that Q% trades of the previous week T — 7, ...,T — 1 should
not have impermanent losses (i.e., the presence of
impermanent gain). Visualisation of this mechanism for
adjusting fee rate is shown in Figure 12 (for
WETH/Stablecoin pairs) and Figure 13 (for WETH/WBTC
pairs), where @ = 99%. It appears that for different pools,
the proposed fee rate differs from the constant value of 0.3%.
WETH/WBTC paits ate mote volatile, so this method of
adjustment leads to higher fee values than in the case of pairs
with stable tokens. This observation is confirmed by the
results of the statistical study in Table 2. Pairs WETH/USDC,
WETH/DAI (Sushiswap, Figure 14), and WETH/WBTC
(Balancer, Figure 12) are outstanding, which is associated with
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the fact that the trading liquidity and volumes of these pairs
are smaller than the others.

2.00

1751 NH

1.50 1

TT
— Balancer : WETH/WBTC
— Uniswap: WETH/WBTC
—— Sushiswap: WETH/WBTC
== AMM fee rate

P

N

v
L

o

~

v
L

Proposed fee rate, %
g

o

%

o
L

0.25 I

0.00 T T T T T T T T T T T T
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov  Dec
Month

Figure 12. Results for adjusted exchange fee rate based on
historical trades of the previous week for WETH/WBTC
pools with Q=99%.

Let us consider the influence of the fee adjustment in more
detail for the popular WETH/USDC pool with Uniswap
invariant. In Figure 13, the dependencies are shown for
different @ values in comparison with average price and
trading volumes. These results suggest that more activity on
the market leads to a higher proposed fee (for retaining the
impermanent gain effect). This conclusion makes sense since
such situations often happen as a result of news events and
increased fees boost the profitability of liquidity providers.
This observation illustrates the potential for non-trivial
dynamic fee rate management even for classical AMM
invariants.

0.8

—— Q=90% = Relative price 1.0
— Q=95% Relative exchange volume
0.71 — Q=99%
Q=99.9%
064 —=— Base AMM fee rgte L o.s
X
40-': 0.5
©
= r 0.6
[
& 04
kel
] |
[P N AENH V') — I — N — AN L
8 03 0.4
o |
=
I I r
0.2 \
| | ’
{ - r0.2
| g4 |1 YA I ]
o -,\'\J\’/\/\w I 2
0.0 T T T B E—— T T T T T T —- 0.0
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Month

Figure 13. Results for adjusted exchange fee rate for
WETH/USDC pool at different Q petcentle values
compared to price and trading volumes (shown in relative
values).

—— Uniswap: WETH/USDT
—— Uniswap: WETH/USDC
—— Sushiswap: WETH/DAI
—— Sushiswap: WETH/USDC
V == AMM base fee rate

1.4
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Figure 14. Results for adjusted exchange fee rate based on
historical trades of the previous week for WETH/Stablecoin
pools with Q=99%.

5. Limitations

The focus on the study of the single swap impact in an AMM
on liquidity providers may lead to some distortion in the
conclusions regarding the real dynamics of the market
situation. Impermanent changes are generally affected by the
arbitrary sequence of trades. Therefore, the obtained formulas
for impermanent losses and gains could be considered only as
upper estimates for the corresponding values.

In addition, the proposed study does not consider complex
pricing dependencies on many external factors, such as
volatility or changes in the overall liquidity of assets over time.
In real market conditions, trading involves taking into
consideration price fluctuations, various strategies of
participants (high-frequency and positional trading, arbitrage
and other types), as well as randomness in making decisions
on transactions, which can significantly affect the actual costs
for liquidity providers for a period of provisioning.

Furthermore, the optimal fee rate is determined by the
exchange’s attractiveness. Increased fees could diminish
trading volumes, potentially leading to higher overall costs.
This underscores the significance of complex and thorough
evaluation of the variables affecting impermanent changes.

6. Conclusion

Throughout our investigation of the influence of the swap fee
parameter on the impermanent losses of liquidity providers in
AMM systems like Uniswap, Balancer and Curve, overall
significant conclusions can be stated.

Firstly, we discovered that the trading fee parameters inherent
in AMM mechanisms exert a direct effect on the magnitude of
impermanent losses incurred by liquidity providers.
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Specifically, during small trades (a < 0.2% for all considered
pools), these losses frequently turn out to be impermanent
gains. Moreover, for the majority of the studied pools of the
Uniswap, Sushiswap and Balancer protocols, it turned out
that 95% of historical single swaps lead to impermanent gain.
This conclusion could be insightful for novel approaches to
optimise liquidity management strategies, reduce risks and
increase profitability.

Secondly, the theoretical formulas developed throughout this
study serve as valuable instruments for analysing and predicting
liquidity strategies depending on changes in fees on a
microeconomic level. The obtained dependencies are applicable
not only to practitioners but also to researchers seeking to
assess the potential consequences of vatious fee management
scenarios. For example, the proposed naive way to set fee rates
based on weekly historical data could be used to optimise the
gain of liquidity providers from a single trade (and presumably
to optimise the integral return). The authors consider a more
detailed analysis of this approach and methods of backtesting to
be the next stage of researching this topic.

Additionally, our findings highlight the necessity for ongoing
analysis regarding the fee structures for AMM protocols with
conservative  invariant  functions. By  refining  our
understanding of how different fee levels impact liquidity
provision, we can enhance the efficiency and stability of
decentralised exchanges, thereby contributing to the broader
ecosystem’s growth and sustainability. Ultimately, this research
underscores the importance of comprehensive and
fundamental studies focusing on the investigation of swap fees
and liquidity dynamics.

Competing Interests:
None declared.

Ethical Approval:
Not applicable.

Author’s Contribution:

1R main anthor, methodology, theoretical investigation, data collection and validation, writing
original manuscript. VG: scientific supervision, methodology, proofreading and editing,
discussion. AB: scientific supervision, proofreading and editing, discussion, work pre

Funding:
None declared.

Acknowledgements:
None declared.

References

>

[1] S. Nakamoto, “Bitcoin: A peet-to-peer electronic cash system,
2008. [Online]. Available: https://bitcoin.otg/bitcoin.pdf.
Accessed: December 23, 2024.

[2] V. Buterin, “Ethereum: A next-generation smatt contract and
decentralized application platform,” 2014. [Online]. Available:

https://ethereum.otg/content/whitepaper/whitepapet-
pdf/Ethereum_Whitepaper_-_Buterin_2014.pdf.
December 12, 2024.

[3] J. Xu, K. Paruch, S. Cousaert, Y. Feng, “SoK: Decentralized
exchanges (DEX) with automated market maker (AMM)
Protocols,” ACM Computing Surveys, vol. 55, no. 11, pp. 1-50,
2022.

[4] N. Cantarutti, A. Harker, C. Woetzel, “Silkswap: An
asymmetric automated market maker model for stablecoins,”

2023. [Online]. Available: https://arxiv.otg/pdf/2302.07822.
Accessed: December 23, 2024

[5] J. Milionis, C.C. Moallemi, T. Roughgarden, A.L. Zhang,
“Quantifying loss in automated market makers,” Proceedings of
the 2022 ACM CCS Workshop on Decentralized Finance and
Security, 2022, pp. 71-74.

[6] C. McMenamin, V. Daza, B. Mazorra, “An automated
market  maker  minimizing  loss-versus-rebalancing,”
Mathematical Research for Blockchain Economy, 2023, pp. 95-114,
doi:10.1007/978-3-031-48731-6_6.

[7] L. Heimbach, E. Schertenleib, R. Wattenhofer, “Risks and
returns of uniswap V3 liquidity providers,” Proceedings of the
4th ACM Conference on Advances in Financial Technologies, 2023,
pp. 89-101.

[8] S. Loesch, N. Hindman, M. B. Richardson, N. Welch,
“Impermanent loss in uniswap v3,” 2021. [Online].
Available:  https://arxiv.org/pdf/2111.09192.  Accessed:
February 15, 2025.

[9] A. Aigner, G. Dhaliwal, “UNISWAP: Impermanent loss and
risk profile of a liquidity provider,” Asset Pricing &V aluation,
2021. [Oanline]. Available: https://sstn.com/abstract=
3872531. Accessed: December 8, 2024.

[10] G. Angeris, T. Chitra, A. Evans, “When does the tail wag the
dogr Curvature and market making,” Cryptoeconomic Systems,
vol. 2, no. 1, 2022.

[11] H. Adams, N. Zinsmeister, D. Robinson, “Uniswap v2 core:
Technical report,” 2020. [Online]. Available:

https://app.uniswap.org/whitepaper.pdf. Accessed:
December 12, 2024.

[12] M. Egorov, “StableSwap-efficient mechanism for stablecoin
liquidity,” 2019. [Online]. Available: https://classic.curve.fi/

files/stableswap-papet.pdf. Accessed: December 15, 2024.

[13] J. C. Schlegel, M. Kwasnicki, A. Mamageishvili, “Axioms for
constant function market makers,” Proceedings of the 24h
ACM Conference on Economics and Computation, 2023.

[14] G. Angeris G., T. Chitra, “Improved price oracles: Constant
function market makers,” Proceedings of the 2nd ACM Conference
on Advances in Financial Technologies, 2020, pp. 80-91.

[15] G. Angeris G., A. Agrawal, A. Evans, T. Chitra, S. Boyd,
“Constant function market makers: Multi-asset trades via
convex optimization,” Handbook on  Blockchain,  Springer
Optimization and Its Applications, vol. 194, pp. 415-444, 2022.

[16] D. Z. Zanger, “G3Ms: Generalized mean market makers,”

2022. [Online]. Available: https://arxiv.otg/pdf/2208.07305.
Accessed: December 24, 2024.

[17] D. Engel, M. Herlihy, “Loss and slippage in networks of
automated market makers,” 3rd International Conference on
Blockchain Economics, Security and Protocols, vol. 97, pp. 1-23,
2021.

Accessed:

The JBBA | Volume 8 | Issue2 | 2025

Published Open Access under the CC-BY 4.0 Licence 10

@



") BIBIA

Appendix A. Differentials in the Exchange Process

Among the set of variables (x,y, K), only one is independent
due to the presence of two binding relations—the implicit
expression of the invariant (1) and the exchange equation for
Ax — Ay (9). Using the smoothness of these functions, we
rewrite them in differential form:

O e+ Ly + 2 i =
ax " Tay Y Tkt T
and
oF
= — 0x
dy = —v1v2 - p(x,K) - dx = _Y1Y2ﬁdX.
ay

Substituting one expression into another, we get

oF
(')Fd E)Fﬁd +aFdK—0
ax X Y1YZ 6ya_F X aK - Y
dy

from which we obtain the desired relationship of differentials

oF
_0x
oF
oK

dK = (1 —v1Y2) dx.

Appendix B. Ethereum AMM Pools

In the study, the Ethereum data was parsed for the period
from January 2024 to December 2024. The addresses of the
specific pools Uniswap v2, Sushiswap v2 (fork of Uniswap
v2), Balancer v2 and Curve are listed in Tables 3-6.

Pool Ethereum Address
WETH/WBTC 0xa6f548df93de924d73be7d25dc02554c6bd66db5
wstETH/AAVE | 0x3de27efa2f1aa663ae5d458857¢731c12906929

Pool Ethereum Address

WETH/USDC | 0xb4e16d0168e52d35cacd2c6185b44281ec28c9dc
WETH/USDT | 0x0d4alld5ecaac28ec3f61d100daf4d40471£1852
WETH/WBTC | 0xbb2b803821640196fbe3e38816f3¢67cba72d940

Table 3. Addresses of selected Uniswap v2 pools.

Pool Ethereum Address

WETH/USDC | 0x397ff1542f962076d0bfe58ea045ffa2d347acal
WETH/USDT | 0xc3d03e4f041fd4cd388c549ee2a29a9¢5075882f
WETH/WBTC | Oxceff51756¢56ceffca006cd410b03ffc46dd3a58

Table 4. Addresses of selected Sushiswap v2 pools.

Table 5. Addresses of selected Balancer v2 pools.

Pool Ethereum Address
FRAX/USDC 0xdcef968d416a41cdac0ed8702fac8128264241a2
frsBETH/WETH | 0x9c3b46c0ceb5b9e304£fcd6d88fc50f7dd24b31be

Table 6. Addresses of selected Curve pools.

It is important to note that Curve pools are used for stable
pairs, often contain more than two tokens and use price oracle
data, therefore, only pools from the Frax Finance ecosystem
were selected because they match our theoretical description.

Table 7 is a summary table of the invariant parameters used
for the pools in the study. Since Curve AMM is used for
relatively stable pairs, then fee rates are about 10-50 times
smaller than in other pools.

Additional
0
AMM type AMM Pool Fee rate (%) patameters
WETH/USDC ¢, =03 -
Uniswap WETH/USDT ¢, =03 -
WETH/WBTC ¢, =03 -
WETH/USDC ¢, =03 -
Sushiswap WETH/DAI ¢, =03 -
WETH/WBTC ¢, =03 -
WwETH
WETH/WBTC ¢, =0.25 —=1
Wwarc
Balancer
w, 1
wstETH/AAVE ¢, =05 —WStETH _
Waave 4
FRAX/USDC ¢, = 0.01 A=15
Curve
frxETH/WETH ¢, = 0.02 A=10

Table 7. Fee rates and specific parameters of AMM pools
studied in the current work.
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